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1 Abstract
The non-relativistic hydrogen atom and the Zwanziger problem have the
same dynamical symmetry for bound and scattering states.We show that
this is also true for a Hilbert space which is non-commutative in co-ordinates.
The group structure is described using the redefined velocity operator and
Laplace Runge-Lenz operator in terms of left and right handed representa-
tions of the non-commutative Hilbert space R3λ.The bound state algebra is
SO(4) and the scattering state algebra is SO(3,1).
2 Introduction
Non-commutative quantum field theory is one of the proponent theories for
a quantum theory of gravity. The main thought behind this is that at very
small distance scales the position co-ordinates do not commute with each
other. This leads to breaking of translational invariance and accounts for
curvature an could be studied as a theory of quantum gravity. The novel
features of NC-QFT are UV-IR mixing which implies that physics at high
energies can affect physics at low energies.
The fundamental principle of quantum mechanics is the Heisenberg’s uncer-
tainty principle. This results in the fuzziness of the phase space. In non-
commutative quantum mechanics, the uncertainty principle can be extended
to all co-ordinates. Thus even the notion of a single point loses significance.
∗
libebook@iiserkol.ac.in
1
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Each such point can be called a fuzzy sphere. Different fuzzy spheres are
related in such a way that at large distances the usual flat geometry of R30
is recovered.
The objective of the article is to introduce the reader to non-commutative
quantum mechanics, a simplified version of the much complicated non-
commutative quantum field theory .It is hoped that the reader uses this
article as a graduate level beginner material for a much more rigorous the-
ory of quantum gravity. The article is the study of the classic Hydrogen
atom and a very closely related Zwanziger problem in a modified Hilbert
space.The article begins with a preview of the dynamical symmetry of hy-
drogen atom and the Zwanziger problem, and introduces the reader to non-
commutative Hilbert space in 3 dimensions[4] and the preservation of the
dynamical symmetry of the coulomb problem. The preservation of the group
structure of the Zwanziger problem in the non-commutative Hilbert space
is proven. The treatment is non-relativistic and quantum mechanical. This
problem might have a possible application in low-dimensional string theory.
3 The Hydrogen Atom
It was shown by Bander and Itzykson[2,3] that the internal structure of
the hydrogen atom bound state can be described by the SO(4) algebra and
the the scattering sates can be described by means of SO(3,1) algebra. We
define
−→
P =
−→
L+
−→
A
2−→
Q =
−→
L−−→A
2
where P and Q are the generators of SO(4) algebra , L is the orbital
angular momentum operator and A is the Laplace- Runge Lenz vector.
SO(4) Algebra
[Pi, Pj ] = iǫijkPk
[Qi, Qj ] = iǫijkQk [Pi, Qi] = [Pi, Qj] = 0.
The value of the Casimir operator for each of the SU(2) representations Pi
and Qi -
L.A = 0 = A.L
P 2 = Q2 = 14 (L
2 +A2) = 14
1+me4
2E~2
The value of the Casimir gives the value of the energy of the bound states
for the hydrogen atom.
−(n2 + 2n) = 1+me4
2E~2
E = −me
4
2~2(n+1)2
Similarly, the scattering states of the hydrogen atom can be described
by the SO(3,1) algebra.
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3.1 H3λ
Following the work of Galikova and Presnajder[4] we study the structure of
the non-commutative quantum mechanical Hilbert space H3λ. The
non-commutative coordinates in R30 can be realised in terms of two pairs of
creation and annihilation operators[4] aα, a
†
α satisfying
[aα, a
†
β] = δαβ , [aα, aβ ] = [a
†
α, a†β ] = 0.
They act in the auxiliary Fock space spanned by normalised vectors
|n1, n2〉 = (a
†
1
)n1 (a†
2
)n2√
(n1!n2!)
|0〉.
|0〉 ≡ |0, 0〉 denotes the generalised vacuum state: a1|0〉 = |a2 = 0. The
auxiliary Fock space is
Fn = {|n1, n2〉|n1 + n2 = n}
The non-commutative co-ordinates conform to the rotational symmetry of
the Hilbert space and follow SU(2) algebra.
xj = λa
†σja ≡ λσjαβa†αaβ, j = 1, 2, 3.
where λ is a universal length parameter and σj are Pauli matrices.
The NC analogue of the Euclidean distance -
r = λ(N + 1), N = a†αaα.
The co-ordinates xj and r satisfy rotationally invariant commutation
relations-
[xi, xj ] = 2iλǫijkxk, [xi, r] = 0, r
2 − x2j = λ2.
3.2 NC operators
In order to study the group structure and symmetry relations, the operators
need to be redefined in a non-commutative quantum-mechanical Hilbert
space. Thus, following the work of Galikova and Presnajder, we enumerate
the redefined operators in H3λ.
Operator Wave Function: Ψ = ΣCm1m2n1n2(a
†
1)
m1(a†2)
m2(a1)
n1(a2)
n2 ,
where the summation is over non-negative finite integers,
m1 +m2 = n1 + n2. The Hilbert space possesses the following
finite-weighted Hilbert Schmidt norm,
||Ψ||2 = 4πλ3Tr[(N + 1)Ψ†Ψ].
Velocity operator: Vi = −i[xˆi,H] where xˆiψ = 12 (xiψ + ψxi)
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The evolution of the velocity operator is related to that of the co-ordinate
operator and is given by the Hamiltonian.
Angular Momentum
The generators of rotations is define as follows-
LjΨ =
1
2 [a
†σja,Ψ], j = 1, 2, 3.
The following are the commutation relations and the relations obeyed by
the angular momentum operators.
[Li, Lj ]Ψ ≡ (LiLj − LjLi)Ψ = iǫijkLkΨ.
With respect to rotations, the doublet of annihilation(creation) operators
transforms as a spinor and the triplet of non-commutative co-ordinates
transforms as a vector
Lj aˆα = − i2σjαβ aˆβ, Lj aˆ†α = i2σjβαaˆ†β Lixˆj = iǫijkxˆk
Laplace operator:
∆ = − 1
λrˆ
[aˆ†α, [aˆα, ψˆ]]
where rˆ = λ(Nˆ + 1)
The factor of r in the denominator plays the role in dimensional analysis
and the differential operator is described by the double commutator.
The Laplace Runge-Lenz vector:
Aˆk =
1
2ǫijk(LˆiVˆj + VˆjLˆi) +
qxˆk
r
where xˆkψ =
1
2(xkψ + ψxk)
The Laplace Runge vector defined here is the symmetric analogue of the
Runge Lenz vector defined quantum-mechanically.
Auxiliary operators:
aˆαψ = aαψ, bˆαψ = ψaα aˆ
†
αψ = a
†
αψ bˆ
†
αψ = ψa
†
α.
with [aˆα, aˆ
†
β ] = −[bˆα, bˆ†β] = δαβ
The potential term in Hλ
The NC analogue of the central potential is the multiplication of the wave
function with the potential.
(VΨ)(r) = V (r)Ψ = ΨV (r)
NC Laplace equation:
∆λV (r) = 0
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3.3 Dynamical symmetry
3.3.1 The Lenz vector conservation
The NC Lenz vector commutes with the Hamiltonian [Ai,H] = 0.
[Aˆi, Aˆj ] = i
ω
λ
(1 + ωλ4 )ǫijkLˆk
[Aˆi, Aˆj ] = i(−2E + λ2E2)ǫijkLˆk
There are three independent cases[5]-
• SO(4) symmetry : −2E + λ2E2 > 0⇐⇒ E < 0 or E > 2
λ2
,
• SO(3,1) symmetry : −2E + λ2E2 < 0⇐⇒ 0 < E < 2
λ2
,
• E(3) Euclidean group: −2E + λ2E2 = 0⇐⇒ E = 0 or E = 2
λ2
The Casimir operators in the above mentioned cases are-Cˆ ′1 = LˆjAˆj
Cˆ ′2 = AˆiAˆi + (−2E + λ2E2)(LˆiLˆi + 1).Both Casimir operators take
constant values Cˆ ′1 = 0 and C
′
2 = q
2 in HEλ since we are dealing with
irreducible representations.
3.3.2 Symmetry of The coulomb problem in NC spaces
Bound states-SO(4) symmetry
Rescaling the LRL vector
Kˆj =
Aˆj√−2E+λ2E2
This generates the representation of the SO(4) algebra.
[Lˆi, Lˆj ] = iǫijkLˆk, [Lˆi, Kˆj ] = iǫijkKˆk,
[Kˆi, Kˆj ] = iǫijkLˆk
The normalised Casimir operators,
Cˆ1 = LˆjKˆj and Cˆ2 = KˆiKˆi + LˆiLˆi + 1
The second operator equals (2j + 1)2 for some half integer j and can be
written down in terms of energy as
(2j + 1)2 = q
2
λ2E2−2E ≡ n2.
The energy eigenvalues E = 1
λ2
∓ ( 1
λ2
√
1 + κ2n), κn =
qλ
n
[5]
The SO(4)representations which allow for attractive Coulomb potential
and repulsive potential at ultra high energies are unitarily equivalent since
the Casimir operators take the same values for both cases. At λ→ 0 the
extraordinary bound states at ultra-high energies disappear from the
Hilbert space.
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Scattering states - SO(3,1) symmetry
Kˆj =
Aˆj√
2E−λ2E2
These yields the SO(3,1) representation group.
[Lˆi, Lˆj ] = iǫijkLˆk, [Lˆi, Kˆj ] = iǫijkKˆk,
[Kˆi, Kˆj ] = −iǫijkLˆk
4 The symmetries and group structure of the
Zwanziger problem
It was observed that very interesting similarities of symmetries existed be-
tween a hydrogen atom and interactions between particles having both elec-
tric and magnetic charges.It is found that the Dirac quantisation condition
leads to two elementary units of charge[1]. The charge-monopole problem
exhibits the same higher symmetry as the hydrogen atom. The Hamiltonian
of the Zwanziger problem is given by
H = pi
2
2m − γr + µ
2
2mr2
.
where u and v are velocities of the charged particle for the bound states and
scattering states respectively.
Scattering state- SO(3,1)Algebra Bound State-SO(4))
K = A
v
, γ′ = γ/v N = A
u
, γ′ = γ/u
[Ji, Jj ] = iǫijkJk [Ji, Jj ] = iǫijkJk
[Ji,Kj ] = iǫijkKk [Ji, Nj ] = iǫijkNk
[Ki,Kj ] = −iǫijkJk [Ni, Nj ] = iǫijkJk
J2 −K2 = (µ2 − α′2 − 1) J2 +N2 = (γ′2 + µ2 − 1)
Thus the Hydrogen atom symmetry is conserved even for interaction of
particles having both electric and magnetic charges[1].
5 Zwanziger Problem group structure in NCQM
In NCQM, the Zwanziger problem group structure is expected to be the same
as that in the usual quantum mechanical Hilbert space. The representation
space in the NC Hilbert space has left and right creation and annihilation
operators. It is known that the non-commutative quantum Hilbert space
is described by left and right representations has a commutative Hilbert
subspace.
aˆαψ = aαψ, bˆαψ = ψaα aˆ
†
αψ = a
†
αψ bˆ
†
αψ = ψa
†
α.
with [aˆα, aˆ
†
β ] = −[bˆα, bˆ†β] = δαβ
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One defines
cα =
aα+bα
2 , xic = σ
i
αβc
†
αcβ .
One can check that the commutator of the position operators [xˆic, xˆjc = 0].
Hence xc forms a representation for a commutative sub-algebra[6] A0 within
the non-commutative algebra Aθ. The velocity operator is vic = −[xˆic,H].
The Hamiltonian is the same as the original Hamiltonian and Laplace Runge
Lenz vector with xc and rc instead of x and r. The distance coordinate
rc = Σxicxic Thus for the non-commutative Hilbert space,the magnetic field
due to a monopole at the origin is
B(rc) = (
g
4π
)
rˆc
r2c
(1)
and the vector potential for B-
Aˆ(rc) =
g
4π
rc × nˆrc.nˆ
rc[r2c − (rc.nˆ)2]
, Aˆkc =
1
2
ǫijk(LˆicVˆjc + VˆjcLˆic) +
qxˆkc
rc
(2)
whereAˆ(rc) has singularities along the line and the angular momentum
operator LjcΨ =
1
2 [c
†σjc,Ψ].
Now to study the interaction between two particles with masses m1 and
m2 charges e1 and e2 and magnetic charges g1 and g2 , the Hamiltonian H
is given by
H = 12m1 (p1c −
e1g2−e2g1
4pic D(r1c − r2c))2
+ 12m2 (p2c −
e2g1−e1g2
4pic D(r2c − r1c))2 + e1e2+g1g24pi 1|r1c−r2c| + V (r1c − r2c)
This leads to the following equations of motion consisting of a Lorentz
force, a Coulomb force and a force produced by the Biot-Savart fields. The
interaction preserves PT symmetry but violates each of them separately.
The Hamiltonian in the centre of mass and relative co-ordinates frame is-
H =
P 2c
2m
+
1
2m
[p− µD(rc)]2 + V (rc)− γ/rc (3)
which can be re-expressed to a manifestly gauge invariant and rotation-
ally invariant form-
H = π2c/2m− γ/rc + V (rc) (4)
[xic, xjc] = 0, [πic, xjc] = −iδij (5)
[πic, πjc] = iµǫijkxkc/r
3 (6)
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The commutation relations generated by the angular momentum and the
co-ordinates generate a Lie algebra of the three dimensional similarity group
S3 which consists of dilations and the three dimensional euclidean group E3
which generates rotations and translations. The irreducible representations
of this group are labelled by the quantity xˆc.Jc which takes the following
values-
xˆc.Jc = −µ = 0,±1
2
,±1... (7)
which is an algebraic derivation of the Dirac quantisation condition.
Rewriting the Hamiltonian as
H =
π2rc
2m
+
1
2mr2c
(J2c − µ2)−
γ
rc
+ V (rc) (8)
Imposing V (rc) =
µ2
2mr2c
, we find that the resulting problem has a similar
form as the hydrogen atom problem or the Coulomb problem.There is no
possibility of bound states unless γ > 0. Thus taking the energy to be less
than zero, one can write down the commutation relations as the following-
Nc =
Ac
uc
, γ′ =
γ
uc
(9)
[Jic, Jjc] = iǫijkJkc, [Jic, Njc] = iǫijkNkc (10)
[Nic, Njc] = iǫijkJkc, J
2
c +N
2
c = (γ
′2 + µ2 − 1) (11)
The above equations give the defining algebra of SU(2)⊗SU(2) ∼ O(4).
One introduces
Jc± =
1
2
(Jc ±Nc) (12)
which yields
[Jic±, Jjc±] = iǫijkJkc±, [Jci+, Jcj−] = 0, J2c± =
1
4
[(γ′ ± µ)2 − 1] (13)
This gives the following relations-
j> + j< + 1 = γ
′, j> − j< = |µ| (14)
Scattering state- SO(3,1)Algebra Bound State-SO(4))
Kc =
Ac
vc
, γ′ = γ/vc Nc = Acuc , γ
′ = γ/uc
[Jic, Jjc] = iǫijkJkc [Jic, Jjc] = iǫijkJkc
[Jic,Kjc] = iǫijkKkc [Jic, Njc] = iǫijkNkc
[Kic,Kjc] = −iǫijkJkc [Nic, Njc] = iǫijkJkc
J2c −K2c = (µ2 − γ′2 − 1) J2c +N2c = (γ′2 + µ2 − 1)
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6 Conclusions
Thus the group symmetry for the Coulomb problem and the Zwanziger
problem bound states and scattering states in non-commutative quantum
mechanics is the same.It is known that String theory deals with strings
and branes which have electric and magnetic charges.This result could have
applications in low-dimensional string theory which is a non-commutative
quantum field theory.
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